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Abstract
For any integer M¿ 2 and integer k¿ 0, the present paper gives the M -band re4nement equations of
bivariate B-splines in the space S2k3k+1(
(1)
mn), S2k−13k (
(1)
mn), S3k+14k+2(
(2)
mn), S3k4k+1(
(2)
mn) and S3k+24k+4(
(2)
mn) (where 
(1)
mn
and (2)mn represent uniform type-1 and type-2 triangulation, respectively) by using Fourier transform and
bivariate convolution. Thus, we obtain the subdivision generation of the spline functions de4ned on type-1
triangulation and type-2 triangulation.
c© 2003 Elsevier B.V. All rights reserved.
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1. Introduction
The basic ideas behind subdivision are very old indeed and can be traced as far back as the late
40s and early 50s when G. de Rham used ‘corner cutting’ to describe smooth curves. It was only
recently that subdivision surfaces have found their way into wide application in computer graphics
and computer-aided geometric design (CAGD).
We can summarize the basic idea of subdivision as follows [5].
Subdivision de4nes a smooth curve or surface as the limit of a sequence of successive re4nements.
Of course this is a rather loose description with many details as yet undetermined, but it captures
the essence.
Despite the diFculty for analysis of properties like smoothness and continuity, subdivision has so
many advantages such as handling arbitrary topology quite well without losing eFciency, hierarchical
structure, uni4ed representation for splines and meshes, code simplicity, etc. Now we can regularly
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see subdivision use in movie production, appear as a 4rst class citizen in commercial models and
be a core technology in game engines.
Type-1 triangulation and type-2 triangulation on rectangle region possess great signi4cance in the
computation of 4nite element and surface technique. Since the spline functions de4ned on type-1
triangulation and type-2 triangulation can be expressed by the linear combination of B-spline func-
tions, we will get the subdivision generation of the spline functions de4ned on type-1 triangulation
and type-2 triangulation directly through the subdivision of B-spline on type-1 triangulation and
type-2 triangulation.
Ren-hong Wang [4] and his group did excellent work on the study of the space structure of type-1
triangulation and type-2 triangulation. Guo-hui Zhao [3] studied the 2-band re4nement equations of
a kind of bivariate B-splines and obtained the recursive relation of 2-band re4nement equations
of bivariate B-splines with convolution de4nition.
In this paper we consider some B-spline functions with convolution de4nition on uniform type-1
triangulation and type-2 triangulation, for any integer M¿ 2, we have obtained their M -band
re4nement equations by modifying the de4nition of initial function and using Fourier transform.
In fact, by using Fourier transform the computation of the subdivision matrix turns to the power
product of multivariate polynomials.
2. Notations and preliminaries
Let  be the rectangle [0; m] × [0; n], the partition which dividing  into N1 triangular cells
(
1; : : : ; 
N1) by the lines x = i; y = j; x − y = k; i; j; k ∈Z is called uniform type-1 triangulation,
denoted by (1)mn ; the partition which dividing  into N2 triangular cells (
1; : : : ; 
N2) by the lines
x= i; y= j; x± y= k; i; j; k ∈Z is called uniform type-2 triangulation, denoted by (2)mn . Fig. 1 shows
the uniform type-1 and type-2 triangulation.
For r = 1; 2, multivariate spline spaces are de4ned as follows:
Sk (
(r)
mn) := {s∈C((r)mn)| s|
i ∈Pk ; i = 1; : : : ; Nr}:
In fact, s∈ Sk ((r)mn) is a k-degree piecewise polynomial, which has -order continuous partial deriva-
tives on (r)mn.
Lemma 1 (Chui and Wang [1]). For given partition , let B(x; y)∈ Sk () be a B-spline supported
on a convex polygon F , Ai be an arbitrary given vertex of F and the number of mesh lines inside
of F (including the boundary of F) which pass Ai is Ni, then
Ni ¿ (k + 1)=(k − ): (1)
Fig. 1.
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Lemma 1 shows that in order to get a B-spline function with local support the lower bound of the
number of mesh lines at each vertex of the support is: (k + 1)=(k − ). Then for (1)mn , it should be
k ¿ (3+1)=2; for (2)mn , it should be k ¿ (4+1)=3. In practice, if the needed smoothness was given,
we always try to construct compactly supported spline functions with their degree of the piecewise
polynomial as low as possible. So the most interested spline spaces are: S2k3k+1(
(1)
mn), S2k−13k (
(1)
mn),
S3k+14k+2(
(2)
mn), S3k4k+1(
(2)
mn) and S3k+24k+4(
(2)
mn). Further, as we will introduce later, the B-splines in those
spaces mentioned above can be obtained by taking successive convolution on the B-splines and
compactly supported functions in S−10 (
(r)
mn) and S01 (
(r)
mn) (r = 1; 2).
Let us consider type-1 triangulation 4rst, g01(x; y) is a B-spline in S
0
1 (
(1)
mn), whose support is the
correlation domain of origin, and it is a continuous piecewise linear polynomial with g01(1; 0) =
g01(1; 1) = g
0
1(0; 1) = g
0
1(−1; 0) = g01(−1;−1) = g01(0;−1) = 0 and g01(0; 0) = 1.
There are two B-splines in S−10 (
(1)
mn): g02(x; y) and g
0
3(x; y), whose supports are the up and down
cell of [0; 1]× [0; 1] on (1)mn , their de4nitions are as follows:
g02(x; y) =


1; 0¡x¡ 1; x¡y¡ 1;
1=2; (x = 0; 0¡y¡ 1) or (y = 1; 0¡x¡ 1) or (y = x; 0¡x¡ 1);
1=4; (x; y) = (0; 1);
1=8; (x; y) = (0; 0); (1; 1);
0 otherwise;
(2)
g03(x; y) =


1; 0¡x¡ 1; 0¡y¡x;
1=2; (x = 1; 0¡y¡ 1) or (y = 0; 0¡x¡ 1) or (y = x; 0¡x¡ 1);
1=4; (x; y) = (1; 0);
1=8; (x; y) = (0; 0); (1; 1);
0 otherwise:
(3)
Fig. 2 shows the supports of g01; g
0
2 and g
0
3. In fact, we modi4ed the de4nition of g
0
2 and g
0
3 from the
characteristic functions of the up and down cell of the unit square to the new de4nition mentioned
above. With these new de4nition, we not only preserve the convolution generation of B-splines but
also guarantee there will be no conMict inside the support when re4ning g02 and g
0
3. We also modi4ed
the de4nition of the compactly supported splines in S−10 (
(2)
mn) in a similar way.
As to the type-2 triangulation, let C be the unit square and D be rectangle with vertices (−1; 0);
(0;−1); (1; 0) and (0,1) on (2)mn , respectively. Fig 3 shows square C and D. Function C and D are
compactly supported functions in S−10 (
(2)
mn) (their original de4nition are the characteristic functions
of C and D), their de4nitions are as follows:
C(x; y) =


1; 0¡x¡ 1; 0¡y¡ 1;
1=2; (x = 0; 0¡y¡ 1) or (x = 1; 0¡y¡ 1);
or (y = 0; 0¡x¡ 1) or (y = 1; 0¡x¡ 1);
1=4; (x; y) = (0; 0); (0; 1); (1; 1); (1; 0);
0 otherwise
(4)
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Fig. 2.
Fig. 3.
D(x; y) =


1 inside of D;
1=2; (y = x + 1;−1¡x¡ 0) or (y =−x + 1; 0¡x¡ 1);
or (y = x − 1; 0¡x¡ 1) or (y =−x − 1;−1¡x¡ 0);
1=4; (x; y) = (−1; 0); (0; 1); (1; 0); (0;−1);
0 otherwise:
(5)
There are two B-splines in S01 (
(2)
mn) denoted by f02 and f
0
3, which are continuous piecewise linear
functions supported on C and D, respectively, with f02(
1
2 ;
1
2)=f
0
3(0; 0)=1 and f
0
2(x; y)=f
0
3(x; y)=0
at all the vertices of C and D.
We will use bivariate convolution and its Fourier transform formula as follows:
(f ∗ g)(s; t) =
∫ +∞
−∞
∫ +∞
−∞
f(x; y)g(s− x; t − y) dx dy; (6)
fˆ(!1; !2) =
∫ +∞
−∞
∫ +∞
−∞
f(x; y)e−i(!1x+!2y) dx dy: (7)
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Fig. 4.
Fig. 5.
It is obvious that
(f ∗ g)∧ = fˆ · gˆ; (8)
where ∗ represents convolution operator, fˆ represents the Fourier transform of f.
Lemma 2 (Guo-hui Zhao [3]). Let f01 = C ∗ D; f04 =f02 ∗f03 ; f05 =f02 ∗f02 ; f06 =f03 ∗f03, then f01 is
the unique B-spline in S12 (
(2)
mn), f04 and f
0
5 are two B-splines in S
2
4 (
(2)
mn), f06 is the spline function
with quasi-minimal support in S24 (
(2)
mn).
Fig. 4 shows the convolution generation of f01.
Lemma 3 (Guo-hui Zhao [3]): Let gki = g
k−1
i ∗ g01; i= 1; 2; 3; fkj = fk−1j ∗ f01 ; j = 1; : : : ; 6: For any
integer k (k¿ 1), gk1 is a B-spline in S
2k
3k+1(
(1)
mn), gk2 and g
k
3 are two B-splines in S
2k−1
3k (
(1)
mn); fk1 is
a B-spline in S3k+14k+2(
(2)
mn), fk2 and f
k
3 are two B-splines in S
3k
4k+1(
(2)
mn), fk4 and f
k
5 are two B-splines
in S3k+24k+4(
(2)
mn), fk6 is the spline function with quasi-minimal support in S
3k+2
4k+4(
(2)
mn).
Fig. 5 gives the convolution generation of g12.
In wavelet analysis, by taking Fourier transform, some complex convolution operation can be
turned into simple product. Illuminated by this idea, we take Fourier transform on the B-splines
which have convolution de4nition and construct the re4nement equations of some B-splines on the
important spline spaces on type-1 and type-2 triangulation, and obtain the subdivision matrix directly
through the product of polynomials.
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3. Subdivision of B-splines on type-1 triangulation
Now, let us consider the subdivision of B-spline on type-1 triangulation. Firstly, we have:
Proposition 1. Let M¿ 2 be integer, g01-the B-spline in S
0
1 (
(1)
mn) and g02, g
0
3- the two B-splines in
S−10 (
(1)
mn) satisfy the following M -band re<nement equation:
gˆ01(!) = G
0
1
( !
M
)
· gˆ01
( !
M
)
; (9)
gˆ02(!) = G
0
2
( !
M
)
· gˆ02
( !
M
)
+ G˜02
( !
M
)
· gˆ03
( !
M
)
; (10)
gˆ03(!) = G
0
3
( !
M
)
· gˆ03
( !
M
)
+ G˜03
( !
M
)
· gˆ02
( !
M
)
; (11)
where != (!1; !2); l1; l2; l3; l4 ∈Z;
G01(!1; !2) =
1
M 2
∑
l1
∑
l2
g01
(
l1
M
;
l2
M
)
e−i(!1l1+!2l2)
{−(M − 1)6 l16 0;−(M − 1)6 l26 l1 +M − 1}
or {06 l16M − 1; l1 − (M − 1)6 l26M − 1};
G02(!1; !2) =
1
M 2
∑
l1
∑
l2
e−i(!1l1+!2l2) {06 l16M − 1; l16 l26M − 1};
G˜02(!1; !2) =
1
M 2
∑
l3
∑
l4
e−i(!1l3+!2l4) {06 l36M − 2; l3 + 16 l46M − 1};
G03(!1; !2) =
1
M 2
∑
l1
∑
l2
e−i(!1l1+!2l2) {06 l16M − 1; 06 l26 l1};
G˜03(!1; !2) =
1
M 2
∑
l3
∑
l4
e−i(!1l3+!2l4) {16 l36M − 1; 06 l46 l3 − 1}:
Proof. We only verify the proposition for g01, the proofs of g
0
2 and g
0
3 are simple.
Eq. (9) is equivalent to the following one:
g01(x; y) =
∑
l1∈Z
∑
l2∈Z
g01
(
l1
M
;
l2
M
)
g01(Mx − l1; My − l2): (12)
Since g01 is a continuous piecewise linear function, Eq. (12) holds if and only if the function values
of the two sides of (12) are equal at three vertices of each triangle after re4nement. We only need
to verify the values of the two sides of (12) are equal at all the re4ned mesh points.
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For any re4ned mesh point (j1=M; j2=M):
Right side of (12) =
∑
l1∈Z
∑
l2∈Z
g01
(
l1
M
;
l2
M
)
g01
(
M
j1
M
− l1; M j2M − l2
)
=
∑
l1∈Z
∑
l2∈Z
g01
(
l1
M
;
l2
M
)
g01(j1 − l1; j2 − l2)
= g01
(
j1
M
;
j2
M
)
= Left side of (12)
By now we have 4nished the proof.
By Lemma 2 and Proposition 1, we immediately get the M -band re4nement equation of B-splines
on (1)mn :
Theorem 1. Let M¿ 2 be integer, k ∈N, then gk1- the B-spline in S2k3k+1((1)mn) and gk2, gk3- the two
B-splines in S2k−13k (
(1)
mn) satisfy the M -band re<nement equations as follows:
gˆk1(!) =
[
G01
( !
M
)]k+1
gˆk1
( !
M
)
; (13)
gˆk2(!) =
[
G01
( !
M
)]k [
G02
( !
M
)
gˆk2
( !
M
)
+ G˜02
( !
M
)
gˆk3
( !
M
)]
; (14)
gˆk3(!) =
[
G01
( !
M
)]k [
G03
( !
M
)
gˆk3
( !
M
)
+ G˜03
( !
M
)
gˆk2
( !
M
)]
: (15)
4. Subdivision of B-splines on type-2 triangulation
Similar to type-1 triangulation, for type-2 triangulation, we get the subdivision of B-splines on it
as well.
Proposition 2. Let M¿ 2 be integer, then the local support spline functions C and D in S−10 (
(2)
mn)
satisfy the following M -band re<nement equations:
ˆC(!) = HC
( !
M
)
ˆC
( !
M
)
; ˆD(!) = HD
( !
M
)
ˆD
( !
M
)
;
where != (!1; !2);
HC(!1; !2) =
1
M 2
∑
l1
∑
l2
e−i(!1l1+!2l2); (06 l1; l26M − 1); l1; l2 ∈Z:
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HD(!1; !2) =
1
M 2
∑
l1
∑
l2
hD(l1; l2)e−i(!1l1+!2l2);
{−(M − 1)6 l16 0;−l1 − (M − 1)6 l26 l1 +M − 1}
or {06 l16M − 1; l1 − (M − 1)6 l26− l1 +M − 1}; l1; l2 ∈Z:
hD(l1; l2) =
{
1; 2|(M + |l1|+ |l2|+ 1) and |l1|+ |l2|6M − 1
0 otherwise
Proposition 3. Let M¿ 2 be integer, then f01-the B-spline in S
1
2 (
(2)
mn) and f02, f
0
3-the two B-splines
in S01 (
(2)
mn) satisfy the following M -band re<nement equations:
fˆ01 (!) = H
0
1
( !
M
)
fˆ01
( !
M
)
;
fˆ02 (!) = H
0
2
( !
M
)
fˆ02
( !
M
)
+ H˜ 02
( !
M
)
fˆ03
( !
M
)
;
fˆ03 (!) = H
0
3
( !
M
)
fˆ03
( !
M
)
+ H˜ 03
(
2!
M
)
fˆ02
(
2!
M
)
;
where != (!1; !2); H 01 (!) =HC(!)HD(!), the de<nition of HC(!) and HD(!) see Proposition 2,
H 02 (!1; !2) =
1
M 2
∑
l1
∑
l2
f02
(
l1
M
;
l2
M
)
e−i(!1l1+!2l2); (06 l1; l26M − 1); l1; l2 ∈Z;
H˜ 02(!1; !2) =
1
M 2
∑
l3
∑
l4
f02
(
l3
M
;
l4
M
)
e−i(!1l3+!2l4); (16 l3; l46M − 1); l3; l4 ∈Z;
H 03 (!1; !2) =
1
M 2
∑
l1
∑
l2
hD(l1; l2)f03
(
l1
M
;
l2
M
)
e−i(!1l1+!2l2);
(−(M − 1)6 l1; l26M − 1); l1; l2 ∈Z;
H˜ 03(!1; !2) =
4
M 2
∑
l3
∑
l4
hD(l3 + 1; l4 + 1)f03
(
l3 + 1
M
;
l4 + 1
M
)
e−i(!1l3+!2l4);
(−(M − 1)6 l3; l46max(M − 3; 0 ) ); l3; l4 ∈Z:
By Lemma 2, Propositions 1 and 2 together, we immediately get the M -band re4nement equation
of B-splines on (2)mn :
Theorem 2. Let M¿ 2 be integer, k ∈N, then fk1-the B-spline in S3k+14k+2((2)mn), fk2 and fk3-the two
B-spline in S3k4k+1(
(2)
mn), fk4, f
k
5-the two B-spline and f
k
6-the spline functions with quasi-minimal
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support in S3k+24k+4(
(2)
mn) satisfy the following M -band re<nement equations:
fˆk1 (!) =
[
H 01
( !
M
)]k+1
fˆk1
( !
M
)
;
fˆk2 (!) =
[
H 01
( !
M
)]k [
H 02
( !
M
)
fˆk2
( !
M
)
+ H˜ 02
( !
M
)
fˆk3
( !
M
)]
;
fˆk3 (!) =
[
H 01
( !
M
)]k {[
H 03
( !
M
)
+ H 02
( !
M
)
H˜ 03
(
2!
M
)]
fˆk3
( !
M
)
+H 02
( !
M
)
H˜ 03
(
2!
M
)
fˆk2
( !
M
)}
;
fˆk4 (!) =
[
H 01
( !
M
)]k {[
H 02
( !
M
)
H 03
( !
M
)
+ 2H 02
( !
M
)
H˜ 02
( !
M
)
H˜ 03
(
2!
M
)]
fˆk4
( !
M
)
+
[
H 02
( !
M
)]2
H˜ 03
(
2!
M
)
fˆk5
( !
M
)
+
[(
H˜ 02
( !
M
))2
H˜ 03
(
2!
M
)
+ H˜ 02
( !
M
)
H 03
( !
M
)]
fˆk6
( !
M
)}
;
fˆk5 (!) =
[
H 01
( !
M
)]k {
2H 02
( !
M
)
H˜ 02
( !
M
)
fˆk4
( !
M
)
+
[
H 02
( !
M
)]2
fˆk5
( !
M
)
+
[
H˜ 02
( !
M
)]2
fˆk6
( !
M
)}
;
fˆk6 (!) =
[
H 01
( !
M
)]k {
2H 02
( !
M
)
H 03
( !
M
)
H˜ 03
(
2!
M
)
fˆk4
( !
M
)
+
[
H˜ 03
(
2!
M
)]2
fˆk5
(
2!
M
)
+
[(
H 03
( !
M
))2
+ 2H˜ 02
( !
M
)
H 03
( !
M
)
H˜ 03
(
2!
M
)]
fˆk6
( !
M
)}
:
5. Examples
We will give an example on type-1 triangulation. Let us consider the B-spline g12 in S
1
3 (
(1)
mn), which
was introduced by Fredrickson [2]. In fact, g13(x; y) = g
1
2(−x;−y), furthermore, all the translations
of g12 and g
1
3 which not vanish on  can compose the basis of S
1
3 (
(1)
mn) by deleting three of them
properly. Let 1 be the support of g12, re4ning the mesh on 1 by 2-band, we get the re4ned type-1
triangulation domain denoted by 2. See Fig. 6.
Let S13 (2)={s∈ S13 (2); sup(s)=2}, then we can get the 2-band re4nement equation of g12(x; y).
Using ai; j and bi; j to denote the coeFcients of the translations of g12(2x; 2y) and g
1
3(2x; 2y), respec-
tively, then the subdivision matrixes composed of these coeFcients are as follows:
(8ai; j) =


0 1 2 1
1 4 4 1
2 4 2 0
1 1 0 0

 ; (8bi; j) =


0 1 1
1 2 1
1 1 0

 :
126 Y.-j. Guan et al. / Journal of Computational and Applied Mathematics 163 (2004) 117–126
Fig. 6.
For M = 3, the 3-band subdivision matrixes of g12(x; y) are as follows:
(27ai; j) =


1 2 3 2 1
1 4 7 7 4 1
1 4 10 12 10 4 1
2 7 12 12 7 2
3 7 10 7 3
2 4 4 2
1 1 1


; (27bi; j) =


1 2 2 1
1 4 5 4 1
1 4 7 7 4 1
2 5 7 5 2
2 4 4 2
1 1 1


:
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